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Role of the potential in LEED; application to the Na(110) surface
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Abstract. A study of the exchange and correlation component of the one-electron LEED
potential was carried out. An analysis of low-energy electron diffraction data from the
Na (110) face at T = 173K and normal incidence was made to test the different model
potentials. A good fit to experimental spectra was obtained with a model based upon
Hartree—Fock (core) and Hedin and Lundqvist results for the exchange and correlation
potential of a uniform electron gas. The inner potential and absorption are those of a uniform
electron gas with the same density as Na (r, = 4).

The surface layer is determined to be neither contracted nor dilated with respect to the
bulk (110) planes.

1. Introduction

The calculation of low-energy electron diffraction spectra can be divided schematically
into two main parts: scattering by isolated atoms and multiple scattering of the electron
by many atoms. The second of these problems (i.e. the self-consistent scattering in the
crystal which turns the incident plane wave into a Bloch wave) has been dealt with by
many authors (see Pendry’s (1974) book for a review of most of these approaches) and
can be considered, in spite of some computational difficulties, as a solved problem.
In a lot of cases Pendry’s (1971a) renormalized forward-scattering method (RFs) and, more
recently, the chain method of Pendry and Gard (1975) permit good computing times,
even for high energies (RHEED, with the.chain method). A new iterative perturbation
scheme, similar in structure to RFs, but particularly useful for calculation of more complex
surface structures has been developed by Zimmer and Holland (1975).

To solve the scattering by the atoms of the crystal, a muffin-tin type potential is
constructed from which a t-matrix, diagonal in the angular momentum representation,
is produced.

It is well known (Laramore 1973, Demuth et al 1975a, Ignatiev et al 1975) that band
structure potentials constructed from first principles give good results in analysing
LEED spectra. Self-consistency in the construction of the one-electron potential does not
seem to be important in LEED (Laramore 1973, Demuth et al 1975a, b, Ignatiev et al 1975).
The fact that band structure potentials can be used in the calculation of the LEED spectra
is paradoxical, from a theoretical point of view. How can a local, energy-independent
potential such as Slater’s one, based upon an average under the Fermi energy, be valid
throughout the energy range of a LEED experiment? A range for which it was not designed
to work.
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Apart from Pendry's (1971b) early suggestion that a full energy-dependent, Hartree—
Fock type of potential should be used in LEED, the early calculation by Strozier and Jones
(1971) for beryllium and a calculation by Capart (1971) and the (100) surface of Cu, most
of the potentials used so far have been based either on Slater exchange or variations of it.
A basic problem in the construction of a one-electron potential lies in finding a suitable
approximation for the exchange and correlation part. Now when more detailed calcula-
tions for the exchange and correlation potential of the uniform electron gas are available
(Hedin and Lundqvist S 1969, Hedin and Lundgvist B 1971), there is no reason why more
sophisticated one-electron potentials should not be tried.

The purpose of this paper is to study the effect that different approximations to the
exchange and correlation part of the one-electron potential have on the LEED spectra.
We shall analyse the spectra of the (110) Na surface at normal incidence and T = 173 K
(Andersson and Pendry 1976). We find that the potential that best reproduces the experi-
mental data is that one which involves a self-consistent Hartree—Fock treatment of the
incident-electron—core-electrons interaction and uses a local density argument based
upon Hedin and B I Lundqvist’s results for the self-energy of a uniform electron gas to
construct the potential due to conduction electrons. We find that this potential re-
produces the experimental data much better than the one based upon Slater exchange.
A set of other approximations will be analysed and we shall see that the « = 2/3 exchange
is also able to reproduce the experimental data reasonably well.

We do not claim that our model for the one-electron potential solves the potential
problem in LEED—for this, probably corrections to the muffin-tin model and, more
important, a more refined treatment of the electronic self-energy should be included—but
we believe that our model is the one that should be used, at least for nearly-free-electron
metals. It gives a general way of constructing the potential and, in a way, a hint to the
cases in which the « approximation to the exchange can be used.

2. lon-core potentials

We have used the muffin-tin approximation to the crystal potential assuming that the
electron'density is not modified by the incident electron and can be constructed as a
superposition of atomic charge densities. The atomic charge densities were obtained
from Clementi’s (1965) calculation. The charge density and the Hartree potential that
were used were constructed, except where stated otherwise, according to Mattheiss
(1964) (Loucks 1967) prescription.

To illustrate the way in which different approximations to the exchange and correla-
tion part of the one-electron potential come in, we shall use the Green function formula-
tion (Hedin and Lundqgvist S 1969) of the many-body problem. The relevant quantity
is the non-local complex and energy-dependent self-energy operator Z(r, r’, E) which is
related to the exchange and correlation part of the one-electron potential by

vi
( g VH[r])(DE + Vyelr, EY0p = E®, (1)
where ¥ (r) is the Hartree potential and V, (r, E) is defined as follows

Viclr, EYP(r) = JZ{r, r', EYDg(r')dr (2)
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(we shall use atomic units e* = i = m = 1, the unit of energy is the Hartree = 2 Ryd
= 27-2 V). :

According to different approximations to the self-energy we obtain a set of one-
electron potentials.

The first set of approximations to ¥, (r, E) begins with the Hartree-Fock approxima-
tion for the self-energy, and have their starting point in Dirac’s (1930) solution of the
Hartree-Fock equations for a uniform electron gas. The exchange potential is given by

Vi(k) = —4F(n)(3p,/8m)' (3)

where p,, is the electronic density, n = (k/k;) is the ratio of the momentum of the electron
to its momentum at the Fermi energy and F is given by

oy
1"'lln

- @

1 +n
1 —n|

The first approximation to V. was suggested by Slater (1951) and is still successfully
used nowadays. He assumed that the exchange was given by equation (3) but replacing

F(n) by its average under the Fermi level (i.e. 3/4) and p, by the local density p(r), so
we have the Slater approximation to exchange

Vi(r) = —3(3p(r)/8n)". 5)

An alternative to V5 was proposed by Kohn and Sham (1965), following earlier work
by Gaspéar (1954). Their method is a variational one, the total energy of the system being
minimized as a function of the charge density. Their final result is equivalent to the use of
the value of F(n) at the Fermi energy, instead of its average; hence their exchange poten-
tial V5> is given by

VSO _ 2y (6)

1+ 1
F(n) = -
() 2-i-

Another logical possibility is the use of the so-called « exchange. In this approximation,
the exchange potential is approximated by

VS = aVs, (7)

It has been found (Snow and Waber 1967, Snow 1968) that sometimes an intermediate
value for «, between 2/3 and 1, produces better results in band structure calculations;
Kmetko (1970) and Schwarz (1972) have calculated the optimum o's for atoms.

In 1968 Liberman made another suggestion based on a semiclassical approximation
rather like the Thomas-Fermi model. His prescription is to calculate n as if we were
dealing with a free-electron gas of kinetic energy k*(r)/2, where n = k(r)/kg(r) is deter-
mined from the transcendental equation

- 2AE — Vy(r) + 4F{rj][3p{r]fgn””’1
- [3,[19“.}]1;3 .

(8)

Once we have solved for n, the Liberman exchange is given by
Vi = —4F(n)3p(r)/8m)' 7. 9
Slater et al (1969) slightly modified the Liberman exchange by defining n as follows

ae [E T VH“'] + 4F[q]{3p{rygﬂ]1m]1.rz
[Ep — Vi(r) + 2(3p(r)/8m)' 2 ]'2

(10)
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where E_ is the Fermi energy. This definition of # removes the difficulty presented by
the Liberman exchange by automatically making n =1 for E = E.. Once we solve
equation (10) for n the exchange is given by

VY¥(r) = —4F(n) (3p(r)/8m)* . (11)

These two approximations, Liberman and Slater, Wilson and Wood, have the energy
dependence of the exchange built in and therefore should be more appropriate, at least
in principle, for the LEED problem. We must, however, have in mind that thc}r neglect
correlation completely.

All the above mentioned approximations have their starting point in the Hartree—
Fock solution for the exchange in an homogeneous gas. In 1971 Pendry took a different
line by suggesting that the exchange part should be fully treated in the Hartree-Fock
approximation. We shall call this approach Pendry's self-consistent Hartree—Fock.
The exchange part is defined as

W )D(r) dr
i ,-'1

where ¥ (r) are wavefunctions of electrons resident in the solid and ®g(r) is the incident
. LEED electron wavefunction. The ¥, in Pendry’s method are essentially atomic like and
have been calculated by Herman and Skillmann (1963) and Clementi (1965). The charge
density is renormalized inside the ‘muffin-tin’ (MT) sphere by transferring all the charge
outside the sphere back inside the sphere, multiplying the original charge distribution
therein by a scaling factor (Watson et al 1970). In this way charge neutrality in the muffin-
tin sphere is guaranteed. The exchange for each [-partial wave of the incoming electron is
given by :

(12)

VI EYP(r) = —) W (r lf

VET(r, EYd(r) = jV"“"(r )@, (r)r? dr (13)
where s

Vernr)=— Z"I" {r)‘F*(T}H T (1, 1%, D). _ (14)
r.,r_ are the greater and the lesser of |r| and |¢| and C(I', I, ) is defined as

.l = H—;l P, (cos B)P, (cos B)P (cos ) sin 0 d (15)

o

where P, (cos 0) are the Legendre polynomials.

This method of truncation (i.e. cutting off the atomic charge density outside the MT),
although justified when most of the original atomic charge density lies inside the mMT
sphere, has no justification for those orbitals which have most of their charge distribution
outside the sphere. For those orbitals, Pendry’s method produces bad charge densities.
In the case of Ni, for example, the application of Pendry’s Hartree-Fock scheme to all
the orbitals results in a potential which compares poorly with the Slater potential.
Tong et al (1976) attribute this to the fact that Slater’s potential somehow includes
correlation effects which are omitted in the Hartree—Fock formula. One must also bear
in mind that in Pendry’s original formulation the Hartree term is constructed from the
renormalized wavefunctions and not according to Mattheiss’ prescription. We can,
however, use Mattheiss’ prescription for the Hartree term together with Pendry’s Har-
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tree-Fock for the exchange. We find that Pendry’s renormalized charge density potential
and the superposition potential, bot using the Hartree—Fock non-local exchange, are
similar to each other. This is in agreement with the results of Tong et al (1976) in Ni.

As we have seen, Slater’s approximation to the exchange (1951) was based upon the
Hartree-Fock result for the homogeneous gas. Now, due to the work of Hedin and
B I Lundgvist, we have more sophisticated calculations for the exchange and correlation
of a uniform electron gas and therefore we can construct, following the local density
approximation of Hohenberg and Kohn (1964) and Sham and Kohn (1966), a more
sophisticated type of potential.

This procedure has been outlined by Hedin and S Lundqvist (1969). The self-energy
operator of equation (2) is replaced by

Z(r, v, E) =T [r =V, E = V(r,) plry)) (16)

where L, is the self-energy of a homogeneous electron gas at the electron density p(r,)
where r, = (r + r')/2. Equation (16) will be exact in the limit of almost constant density.
To remove the non-locality they use a WKB type of argument introducing a local
momentum k(r), thus defining a local potential £ _(k(r), E — V(r), p(r)) by

[Z,(k(r), E = V(r), p(r)]@elr) = th[r — v, E = V(ry)p(r )0e(r)dr. (17)
We can apply this type of idea to the LEED problem by defining k/k,. as follows:

k  [E = Vylr) = Z(n(r), r (r)]*2 18
ke [Ep — Vgl — Z(1, )] o

where Z,(n, r ) is the real part of the self-energy of an uniform electron gas which has been
tabulated by Hedin and Lundqvist (1971) as a function of r_ (density parameter) and
n = (k/kg). Once we have solved for n(r), the exchange and correlation part of the one-
electron potential is given by

Vis(r, E) = Z,(r (r), n(r). (19)

The construction of this potential only involves a simple double interpolation scheme
using H-L data and therefore little extra work with respect to the one using, for example,
Slater exchange.

The electron density in ion cores is highly non-uniform, and we would not expect the
local density approximation to work well. This is well known at band structure energies
(Herring 1967). The inner core levels cannot be obtained using a local density scheme,
even using density gradients (Hedin and Lundqgvist 1969).

For the valence electrons the local density approximation is much more promising
since the charge density is smoothly varying except very near the centre of the sphere,
but in this region the one-electron potential is dominated by the Hartree term and errors
in the exchange and correlation part are not important.

As we have seen, the self-consistent Hartree-Fock potential and the H-L potential
are complementary. One treats the core electrons well while the other is expected to
work well for the valence and conduction electrons. We therefore think that from a
theoretical point of view the potential to be used in LEED should be

Vie M = ViF(core) + V3¢ (valence + conduction) (20)

(we neglect the polarization potential from the ion cores).
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A difficulty arises now with respect to the application of the local scheme to calculate
VEL because, instead of using V,,(r) in the calculation of 5(r) (equation (18)) we should use
Vy + VY© and V¥ is a non-local potential which will greatly increase the size of the
calculations. Nevertheless ¥"F(r) is small in the region at which ¥"'(r) is important (near
the muffin-tin radius) and equation (18) is a very good approximation.

We have calculated r-matrices and LEED intensity spectra for all the model potentials
described above in the case of the (110) face of Na. The results will be discussed in the
next sections.

3. Scattering by a single atom—¢-matrices

In this section we test different schemes of approximating the one-electron potential.
The scattering power of a single ‘muffin-tin’ sphere is described by means of a set of
phase shifts ,, or equivalently a scattering factor, or t-matrix. The t-matrix is given by

e
\;—:E Y (21 + 1)sin 6 (E) exp (i, (E))P (cos 6) (21)

= [
where @ is the scattering angle and the sum over [ 1s to include all non-zero phase shifts
d,(E) at a given energy.

The energy is measured in Hartrees with respect to the muffin-tin zero. Due to the
complexity of the LEED spectra it is not possible to establish a direct connection between
individual scattering matrices and intensities. Precisely due to multiple scattering,
structure in the t-matrix is crucial in LEED and therefore, to assess a model poten-
tial, a full calculation of the spectra has to be done. Nevertheless it is quite instructive to
analyse the t-matrices for the different potentials.

Figures 1 and 2 show t-matrices for different model potentials at two different energies.
At E = 2-0 Hartrees the t-matrices are quite similar; differences are more marked at
E = (-5 Hartrees reflecting the fact that the exchange and correlation part of the one-
electron potential becomes less important at high energies. Notice also that the differences
are more marked in the forward scattering.

It is worth noting that the t-matrices for SWW and HF + HL, on the one hand,
and HL (for all charge density) and o« = 2/3, on the other, are nearly identical even for
low energies (see figure 3).

tg(0) =

4. Model

To calculate the LEED reflected intensities we use Pendry’s (1971b) formulation of the
layer method (Bethe 1928, Beeby 1968, Boudreaux and Heine 1967, Kambe [1967a, b,
Marcus and Jepsen 1968, McRae 1966, 1968). This method solves the scattering
problem for a layer of atoms and then adds the layers together to synthesize the crystal.
We refer the reader to Pendry’s book for details of the method.

For the low-energy range (E < 1-5 Hartrees) of the spectrum we have used the matrix
doubling method to calculate the scattering properties of the crystal from those of a
single layer. For E > 1-5 H we use Pendry’s RFs. No potential barrier has been included
in our calculations, it being assumed that the transition from vacuum to crystal is so
smooth that it produces no additional scattering. We also assume thermal vibrations
to be isotropic, temperature effects being included by means of complex temperature-
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dependent phase shifts (Holland 1971). We have used eight such phase shifts to describe
the scattering by the vibrating atom. We have used an effective Debye temperature of
114K (some data for 0, , = 128 K will also be included for comparison). The experi-
mental temperature dependence of Bragg peaks in 100 justifies 0, in the range
100-115K (Stig Andersson private communication, Andersson et al 1976).
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Figure 1. Modulus of the r-matrix calculated at 05 2. Modulus of the r-matrix calculated at 20

Hartrees for Na using: (a) Vi, a = 1 Slater’'s  Hartrees for Na using:

exchange; ——— V35, a =%; P oa=1  (a) a=1 ——— g=% —— . o« = 2
Kohn-Sham-Gaspar exchange; (b) Liberman, (b) —— Liberman, ——-— Slater et al (1969);
—+—— Slater et al (1969); (c) Pendry's H-F (3s (¢} Pendry's H-F (3s renormalized), ——-—-
renormalized), —-—-— Mattheiss' electrostatics and Mattheiss’ electrostatics and Pendry's H-F (3s),
Pendry's H-F, Pendry's H-F but with the -—-—— Pendry's H-F (35 uniformly distributed
3s electron distributed uniformly inside the st  inside mT sphere).

sphere; (d) HL + HF, —+—~-— HL (all charge

density).

For the imaginary part of the electronic self-energy we have used the Lundgqvist
results for a uniform electron gas of density corresponding to that of Na(r, = 4) (Lund-
qvist 1969). Since we know that the probability of excitation for the core electrons is
much less than that for the valence electrons (Ing and Pendry 1974) we feel that this
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Figure 3. r-matrix culculated at 0+5 Hartrees for Na using: (1) 2 = 2/3 exchange; (2) Hedin-

Lundgvist (all charge density),
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imaginary part of the self-energy is a good realistic description of the absorption in the
energy range at which we shall study the spectra (0-80eV).

5. Comparison of LEED intensity spectra

Figures 4(a, b and ¢) show the comparison between experimental and two theoretical
curves calculated using HF + HL and Slater’s potentials. For the potential named
HF + HL we have used an energy-dependent inner potential given by Lundgvist
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although this improves the agreement in the 00 beam it spoils it in the 10 and 01 beams.
Also peak positions are not as good (e.g. a disagreement of 5 eV in the first peak of the
10 beam!). Not only are the peak positions worse but also their absolute values, and
more important, the relative value of the peak maxima. We have calculated I-V curves
for the different model potentials described above. The results are intermediate between
the two cases (HF + HL and Slater). The trends in the t-matrices are reproduced in the
LEED spectra i.e. the Slater et al exchange gives a result very similar to HF + HL while
HL (applied to all charge density) produces similar spectra to the a = 2/3 exchange
(figures 5(a), (b), (c)). Figures 6(a), (b,) (c) show the effect of changing the effective Debye
temperature for two different model potentials.

la)

(6]

lel

Figure 7. Theoretical I-V spectra for Na (110) at
# = 0, v = 0. No inner potential has been included.
The energy ornigin is the MT zero. T* = 0K: (a) (00)
beam; (b) (10) beam; (c) (01) beam.
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We have calculated temperature-independent LEED spectra for the HF + HL poten-
tial for several contractions and dilations of the surface layer. From the analysis of the
curves 7(a), (b), (¢) together with 5(a), (b), (c), we coniclude that there is no relaxation of the
(110) surface in sodium.

6. Conclusions

In this paper, we have shown that the LEED spectrum is sensitive to the exchange and
correlation part of the one-electron potential, particularly at low energies. A good study
of the potential is necessary in those cases in which the experiments can only be per-
formed in this low-energy region (i.e. Na or Na overlayer on Ni). We have been able
to reproduce the experimental ((110) Na face) data very well using a potential that we
believe is the one with best theoretical foundations and should be used at least for NFE
metals. A more systematic study of other types of materials should be done to try to
draw general conclusions with respect to the suitability of the model potential used here.
(Work in Ni and Al is in progress at the moment.) We do not believe that the effect of the
potential can be so strong as to drastically affect structural determination, at least for
clean surfaces. In overlayers, more care should be exercised to be sure that the findings
are not potential dependent. Once a structure determination with a given model potential
has been made, one should keep the same dynamical inputs (inelastic damping, surface
barrier, phonon amplitudes, dilation, etc.) and check the structure with some different
model potentials.
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